




















Violation of monogamy inequality for qutrits and higher dimensional objects
Yong-Cheng Ou
Institute of Physics, Chinese Academy of Sciences, Beijing 100080, P.R.China
Bipartite quantum entanglement for qutrits or higher dimensional objects is considered. In a
not strict sense but with an explicit two-qutrit antisymmetric state example, it is proved that a
monogamy inequality for qubits introduced by Coffman, Kundu, and Wootters may be violated for
their entanglement quantified by the concurrence in qutrits or higher dimensional objects.
PACS numbers: 03.65.Ud
Quantification of quantum entanglement plays an im-
portant role not only in quantum information process-
ing and quantum computation[1] but also in describing
quantum phase transition in various interacting quantum
many-body systems[2]. In the last ten years a number
of entanglement measures for qubit systems have been
studied widely, in which the well known one with an
elegant formula is the concurrence derived analytically
by Wootters[3]. While the measure of entanglement of
formation(EOF)[4, 5] is a monotonically increasing func-
tion of concurrence. However, at least so far it is believed
that there exits a drawback that they are confined into
the applications of qubit systems since a involved spin-
flip is only applicable to qubits. Because of it only the
lower bound of concurrence can be achieved in qutrits
or higher dimensional objects. Nonetheless, Coffman,
Kundu, andWootters(CKW)[6] have considered the issue
of distribution of entanglement in three qubits and have
established a monogamy inequality to express the entan-
glement trade-off among them. Very recently, a general
CKW inequality in the case of n qubits has been exactly
proved[7].
In fact, after the CKW inequality was established,
whether it can be generalized to qutrits or higher dimen-
sional objects remains still open so far. Presumably it
seems that the spin-flip is only useful to qubits[8], How-
ever, to date no one can provide an explicit demonstra-
tion of no such generalization. In this paper, we will
firstly give a rough proof that the CKW inequality can
be violated for some quantum stats of qutrits or high di-
mensional objects, and then we offer an example of an
antisymmetric state to show this violation. Therefore
the main idea of this paper is to show that the CKW
inequality characterized by concurrence can not be gen-
eralized to quantum state apart from qubits. This result
gives a caveat as we are studying genuine multipartite
entanglement where the so-called residual entanglement
is defined.
For completeness, we recall the original CKW inequal-
ity for qubits. Consider a triple of spin-1/2 particles A,
B, and C, and its density matrix is denoted by ρABC , the
distribution of entanglement among them is constrained











where Cij are the concurrences of the state ρABC with
traces taken over the particle k ( here i, j and k stand
for A, B, and C), or Ci(jk) is the concurrences of ρi(jk)
with the particle i regarded as a single object. Mean-
while i can be called as a focus according to[6] and it
has been checked that residual entanglement τABC =
C2
i(jk) − C2ij − C2ik is independent on the choice of the
focus mainly due to their same dimension with two. The
definition of tangle has found wide applications in the
research of genuine multi-qubit entanglement[9].
Now one may naturally ask what will happen as a
general M × N × Q system is concerned. Does Eq.(1)
remain valid? In order to get the answer, we review
some progresses in the quantification of entanglement of
a M × N system. Actually only a few special classes of
high dimensional states can give a closed-form expres-
sion of EOF[10][11]. Through analytical or numerical
approaches generally only a lower bound of concurrence
or EOF can be obtained[12, 13, 14]. The unavailabil-
ity of exact entanglement makes us suspect validity of
corresponding CKW inequality in Eq.(1) for arbitrary
dimensional systems.
In what follows we present a proof that Eq.(1) does
not necessarily hold all the time for qutrits or higher
dimensional objects. For a pure bipartite M × N sys-





β=1 |Cαβ |2, where Cαβ = 〈ψ|Lα ⊗
Lβ|ψ∗〉, and Lα, Lβ are generators of SO(M) and
SO(N), respectively. While for mixed state ρ of such








where pi ≥ 0 and ρ consists of all possible decompositions
2into pure states |Φi〉. According to [12, 14] a lower bound








is arrived at, where λi are the singular values of∑M(M−1)
α=1
∑N(N−1)
β=1 zαβAαβ in decreasing order. For de-
tails of terms zαβ and Aαβ , see[12, 14].
Next consider the tripartiteM×N×Q system denoted
by A,B, and C, respectively. Choose A as a focus, it then
follows from Eq.(3) that
C2AB ≤ C2AB ,
C2AC ≤ C2AC .
(4)





AC ≤ C2AB + C2AC , (5)





AC ≤ C2A(BC). (6)
Comparing Eq.(5) and Eq.(6), one can not generally con-
clude C2AB +C
2
AC ≤ C2A(BC). If the focus B or C is cho-
sen, the same conclusion can be obtained. Note that if
such tripartite reduces to qubits, Eq.(4-6) becomes equa-
tions, and then the original CKW inequality is recovered.
The proof is completed.
Finally we show an explicit example that the CKW
inequality dose not work. Consider the pure totally an-
tisymmetric state on a two-qutrit system
|Ψ〉ABC = 1√
6
(|123〉 − |132〉+ |231〉 − |213〉+ |312〉 − |321〉) .
(7)
It is obvious that antisymmetric subspace V ∈ HA⊗HB,
HA ⊗HC , and HB ⊗HC , is spanned by the vectors
|x〉ij ≡ 1√2 (|2〉i|3〉j − |3〉i|2〉j) ,
|y〉ij ≡ 1√2 (|3〉i|1〉j − |1〉i|3〉j) ,
|z〉ij ≡ 1√2 (|1〉i|2〉j − |2〉i|1〉j) ,
(8)




3 (|x〉AB〈x|+ |y〉AB〈y|+ |z〉AB〈z|) ,
ρAC =
1
3 (|x〉AC〈x|+ |y〉AC〈y|+ |z〉AC〈z|) ,
ρA(BC) =
1
3 (|x〉BC〈x|+ |y〉BC〈y|+ |z〉BC〈z|) .
(9)
Since ρA(BC) is pure, it is readily to check C
2
A(BC) = 4/3.
For mixed states ρAB and ρBC we have to make an in-
fimum for their concurrences. Generally, it is difficult,
however, the system (7) is a special case. For arbi-
trary pure states |Φ〉AB = c1|x〉 + c2|y〉 + c3|z〉 with
|c1|2+|c2|2+|c3|2 = 1, their reduced density matrix ρA ≡
TrB|Φ〉AB〈Φ| has the same spectrum {1/2, 1/2, 0}[16],
implying any two antisymmetric states |Φ〉AB can be
transformed into each other by local unitary transforma-
tions. As a result, C2(|Φ〉AB) = 1. While ρAB in Eq.(9)





Why the system (7) is special lies in C2(|Φi〉AB) = 1 for
each |Φi〉AB such that C2AB =
∑
i pi = 1. Analogously,
C2AC = 1. Therefore we obtain our main result
C2AB + C
2




for the qutrit system (7), which is not superseded by
the CKW inequality in Eq.(1). In the similar way,
C2BA + C
2
BC ≥ C2B(AC) and C2CA + C2CB ≥ C2C(AB) for
the system (7) violate also the last two inequalities in
Eq.(1). Perhaps this violation is not a paradox, since the
EOF can not yet satisfy the CKW inequality[6].
Summarizing, we have shown that the monogamy in-
equality in qubit systems can not be generalized to higher
dimensional objects such that a caveat is provided when
the so-called residual entanglement τABC = C
2
A(BC) −
C2AB − C2AC is defined since it may exhibit a negative
value sometimes. But in general the CKW inequality in
Eq.(1) also works, for example, for a state |Ψ〉A′B′C′ =
1√
3
(|111〉 + |222〉 + |333〉), we obtain C2A′B′ + C2A′C′ =
0 + 0 ≤ 4/3 = C2
A′(B′C′), satisfying the CKW inequality.
Consequently, the conditions of whether the CKW in-
equality for higher dimensional objects is violated or not
is still open. As stated in[7], the constrains by the CKW
inequality in Eq.(1) on the entanglement shared by par-
ties lie at the heart of the success of many information-
theoretic protocols, then the impacts on such protocols
imposed by this violation of CKW inequality deserve fur-
ther investigation.
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